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Theminimumwave-dragproblemwithauxiliaryconditionsissolved
foraxialflowaboutbodiesofrevolutionconsistingoftwusymmetrical
ogivalsectionsjoinedby a circularcylinder.Theauxiliaryconditions
arethatthetotallength,thelen@h ofthecylinder,thefrontalarea,
andthevolumeareheldconstant.Theresultsarerelatedto s~sr
resultsknownforbodiesofrevolutionwithouta cylindricalmidsection>
anditisfoundthattheadditionof small.smountsofcentersectionhas
littleeffectonthedrag.Themaximumthicknessratioleadingtothe
leasttotalofwaveandfrictiondragis investigatedbriefly.

INTRODUCTION .

Theformulaforthedeterminationoftbewavedragofa slender
bodyofrevolutionina supersoni:f;eestreamparallel-totheaxisof
thebodywasfirstgivenbyvon KarmanandMoore(reference1). Ina
laterwork(reference2),vonK&m&n reformulatedtheproblemandgave
theformofthebodyofprescribedlengthandmaximumcrosssection
havinga minimumnayedrag.Thebodiestreatedinboththeabovepqers
consistedofogivesattheupstreamendofcylindersextetingto
infinitydownstream.Somewhatlater,LighthilJ(reference3) gavethe
solutionto theproblemofmhimumdragwiththeauxiliarycond.itionsof
prescribedlengthandmaximmnthichessfora bodyconsistingof two
symmetricalogivesplacedbacktoback. A paperbyHaack(reference4)
givesa completesummaryofallprevioussolutions,aswellas somenew
solutions,forbothsymmetricalbodiesandbodiesofthetypediscussed
inreferences1 and2. Inreference5, Busemannhas attackedtheproblem
ofmixdmumdragofbodiesofrevolutionby exploitingits--logytothe
problemofwin@railing-vortexsystemsofminimumenergy.Sears(refe~
ence6) discusses thebodyconsistingoftwoogivesplacedbacktoback
but,inthecasewherelengthandmaximumcrosssectiopareprescribed,
he doesnotlimittheanalysistothecaseoffor+and~ symmetry.
However,theresultsshuwthattheleastdragdoesoccurforsymmetrical
bodies.

*

.

. . . . . ..——-. ..—. ,-.—. ——___ _______ ____ ~ —.—L_————._ . ---- —
. .



... . . .. --

2 NACATN2535
.

.
Thepresentreportoffersan extensionoftheresultsoutlined

aboveby takingintoconsiderationbodiesconsistingoftwosymmetrical
ogivesjoinedby a cylindricalcentersection.~(Seefig.1.) S’incethe
sternsectionispointed,thequestionofhaaedragdoesnotarise.If
itweredesiredto considerbdieswithfiniteareaatthestern,sych
asboattailedbodies,agatiwithouttakingintoaccountthebase
pressure,themethodusedinthisreportwouldbe applicable,profided
themeridiansectionofthebodyhaszeroslopeattheendwherethe
boattailoccurs.Theanalysistheribecomesconsiderablymorecompli-
catedthanthatofthecasetreatedhere.

Theintroductionofthecentersectionbringsa newgeometrical
~ter ~to th@Probl% namely,the lengthofthatcentersection.
Theminimum&ag problemcan%e formulatedasan isopertietricproblem,
sincetheauxiliaryconditionsareexpressibleh integralform, It iS
solvedundertheconditionsthatfrontalarea(Qrma@mumthickness),
volume,lengthofcylinder,andtotallengthareheldconstant.This
ratherrestrictivesetofconditionsisthenrelaxedto includecasesin
whichtwoofthegeometricparameterswe fixedwhiletheother one is
free to ~. Inthisway,threedistinctminimumproblemsconnected
withthetypeofbodyconsideredherecanhe investigatedsystematically.

Finally,intheappendix,thefrictionaldragofa %odyofrevol~
tionistakenintoaccountinanappro~te mannertodeterminethe
thictiessratioofa bodyhavingtheleastwQue ofcombined.waveand
frictionaldrag●

B

TiW!L’OF IMPORTKRTSYMBOIS

B(a,k) ~ [E(u,k)– k’%(u,k)]

(gD* ( 7drwavedmg coefficient,%asedonthearea 72
*OVO%*

/

, .

wavedragcoefficient,lasedtmfrontalsreaofbody

(-)
$OV02S0
.

1~ .

midsectionsconsideredby Msx.A.HeasletandHsrvardLmax inthe
forthcomingseriesonHigh-SpeedAerodynamicsandJetPropulsion,

,.

.,
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wavedx=gcoefficient,basedon2/3powerofvolumeofbody

(-)
+Ovo’v””’

& (K-E)

#F(u,k) -E(u,k)] ‘ .

completeellipticintegralof secondkind,modulusk,.

incompleteelJ3ptic
u andmodulusk

incompleteelliptic
u andmodulusk

mbdulusof e12iptic

integralof secondkindwithargument

integraloffirstkindwith=gument

integrals ~= J“]

complementEuymodulus(k’=J==+)
completeellipticintegraloffirst

totallengthoflxmiyofrevolution

lengthof cylindricalmidsectionof

kind,modulusk

~od.yofrevolution

maximumradiusofbodyofrevolution

localradiusofbodyofrevolution

wavedragditidedby fremtream dynmdcpressure
(-)$0%2
\ /

frontalmea of%odyof.revolution(m~2)’.

so ‘
F
localcross+3ectionalaea of%* ofrevolution[mr2(x)1

mximmnthicknessratioofbody(reciprocaloffinenessratio)
/’0]
()i- ,. .,,.,-,. . <’
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.
localthicknessratioofbody

totalvolumeofbody

w

velocity ofthefreestrean

coordinatealongaxisofbody

JacobianZetafunotionofarmment u andmdulus k

[
Z(a,k)= E(cr,k) 1-:F(u,k)

Lagrangemultipliers(equation(hb))

~
z

(r
22-X2

argimentof elMpticintegralsa = —Z%L2

fre=treamdansity

AEAIXSIS

Nomenclatureand130unfbryconditions

An exampleofthe@pe ofbodytobe consideredinthisreportis—
showninfigure1.
be used. If s(x)
yoint,then

where r(x) isthe

Alsointhatfigureis shownsomeofthenotationto
denotesthecross-sectionalareaofthebodyatany

s(x). ~2(x) (1)

10CSLradiusofthebody. Itwillbe stipulated
thatthebodyissymmetricalaboutx43,thatitclosesateachend,and
thattheogivalsectionsfairintothecylindricalsectionwithvanish-
- sl~ ● _ic-, thesecon~tionsbec~ (seefig.1)

r(*l)= O

r(*L)= r.

ri(fi)= O

. wherea primedenotesdifferentiationwithrespectto x. In termsof
theareafunctionS(x),theseconditionsbecome(sinceST-4YUV?I)

.

.

,,

t,
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S{*2)=0

S(fi) =s~1 (2a)

S’(*L)=0
J

where So = 3tr02is thecross-sectionalareaofthecylinder.On the
cylindertheconditionson B(x) are

s(x)= so

s(x) =0 1-L<x<L (2b)

S$’(x) =0 J
Thecross-sectionalareamustalwaysbe positiveor zero;

s(x) 20 ‘ (2C)

Finally,therestrhtionismadethatthe‘~ crosssectionoccurs
atthe-cylindricalportion.Thus,

S’(X) 203-2 <X<-L

St(x) <O; L<x~2

TheVariatiomlProblem

On thebasisofthe=orkofreferenee1 or3,

1. (2a)

thewavedragofa
bodysuchas isillustratedinfigure1 isgiven~y

Inordertoarriveat thisa~proximationitisassumedthatthe
bodyisslender(~ << 1),andthatboth S(x~ and S?(x) arecontimw
ousandequalto zeroat theendsofthebody.

Becauseofthefor~ t symuetryofthebody,theabove~res-
sionforwawedragcanbe mdifiedintooneinvolvinginteg@ionover
eitherthenoseor sternsectionalone.Thus,forintegrationovbrthe
stern(x>O) I

z
R=:

f
s’(x)ax 2?Eu2&1

L fL
X-X=2 (3)

-———— ~— .—. —. .
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Thevariationalpro%lemtole splvedisoftheisoperimetrictype,
sincethedragisto%eninimizedundertheauxili~ conditionsof—
constantlength,frontal=ea~ andvolume.Thebody-shapes
BS solutionsto thispro%lemwillhe referredto asoptimum
theauxiliaryconditionsjustmentioned,thequantitytobe
hewritten

where V isthe
minedconstants,
he ~essed as

v=

determined
bodies.With
minimizedcap

(4a)

areundeter-
theso-called~ @tilliers. Thevolumev cm

z
2 /’zwx+2Lso=- 2 L X8’(X).*

ad thefrontalarea as
.n.$

sf)=- / s’(x)dx
-0L

.

.

Inperforminga -ation of thequantityT, justdefined.,only
s~alled weakvariationswillhe alluwed.Thismeansthatthecross-
sectiondistributionS(x) iSdeformedslightly,in sucha waythatthe
derivativesofthedeformationfunction-e ofthesameorderof small-
nessas thedeformationfunctionitse~. (Seereference7, p. ~.) The
variationcan%e performedinanyofa vz?wietyofways,andtheresulting
necessaryconditionfora ‘minimum(vmxtshingofthefirstvariation)
leadsto theequation

(5)

ThefunctionS(x) obtainedby solution~f thistitegralequation,and
twosubsequentintegrati~,is‘%hedistributionof oross-sectionalarea
whichcharacterizes.therequiredoptimumbpd.y.

.
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*
In order to ‘showthatequation(5) istheconditionfora minimum

insteadofa maximum,thesecond~riationcanbe examined.Itisfound
. thatthesecondvariationisproportionaltothedragofthevariation

.!

.,

oftheprofileactingaloneand,
resultfoundhyMudcinhiswork

Determinationof

Equation(5) canbe Written

hence,ispositive,by analogytothe
onmirdmumdragofwings(reference8).

theCrossSectionS(x)

(6)

It iscmlynecessarytosolvethisequationfor x>O %ecauseofthe
symmetryofthebody.Makethetra~-formations

X=2= T;X2=t

inequation(6); it%ecomes

(6a)

Equation(6a)canbewrittenIn
.

w(t)

whichistheftili= a~oil equation. The generalsolutionto the
airfoilequationislmom,be~

1-

1 ---1fb
g(t)=

lrz~bt)(t-a)“ ~
g(T)dT-

b

f
g(7)d.

a

iS ofthenatureofanarbitraryco~~ty
conditionsoftheproblem.Inthepresent

Ja

Thequantityappe=ingh thesolutionas

t-T I

andistobe evaluatedfrom
case,theconstantis

.—— . . . _—. .——_ ._. .—— .. ..— ---- -----
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J’22~ [S(X1)]‘= 2[S’(2)- 91(L)]= O
L2 @

%y condition(2a)andtheconditionSt(2)= O hposedonequation(3).
‘T&solutionto equation(6) can he written(interms,ofx)

X2 A+ —k
J(2%I) (t=-L2)

‘s’~(x)=
x

1(a2J(22-x2)(x~L2) L2
at-f

x~t1
(7)

Theintegrationsofequation(7)cm beperfO~a,yielding

+ KZ(u,k)1
where

K, E completeelltiptic

(8)

integrals offirstandsecondkind,
&spectlvely,mc)duhs k

Z(a,k) JacobianZetafunctionDfargumentu andmodulusk

[
Z(a,k)= E(a,k)-: l’(a,k)1

F(u,k)E(u,k)incompleteelliptictite~ls offirstandsecondkinds,
respectively,ofargumentu

k modulusof ellipticintegra~

a argumentof ellipticintegmzls

andmodulusk

[k=jqJq

(“=m)
Next,thefirstderiyatfve,St(x),canbe determinedby

St(x)=
7

s?‘(xl)(ixZ
L

It iSfOURdthat

s’(x)‘-:
@:~)J

(2~xz)(x~L2)+ ~ K X Z(a,k) . (9)

.
.

“

.

,,

.

—. ——. —
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Finally,S(X) iSgivenby

.

.

2
.

s(x)=- J [S’(X1) d.x~=-~ 2L?F(a,k)- (22+L$~<,~,+
x

Thisfunction, S(x), @yes thecros~ectionalareadistributionofan
optimumbodyofrevolutionofthetypeshowninfigure1,whenthe
lengths,frontalarea,andvolumeareprescribed.Sincethesolution
appearsintermsoftheundeterminedconstants1.and V, itisneces-
sarytofindtheseconstantsintermsof theprescribedquantities.
Thiscanbedoneby d.eteminingthefrontal~ea andvolume:

SO= 6(L)= ~ [(22+L2)E -2L% 1 + ~ (Z%L%2) (U)

z
T= 2LS13+2

f
s(x)ax

L 1(u)
equtions(11)snd(12)serveto determinetheconstantsA and
termsoftheprescribedquantitiesL, 1,V, and So.

Theremainingquantity tb be evaluatedisthedrag.A conib~tion
of equations(3)and(6)yiekis

R:=-
(
$V+llso

)
(13)

Thesolutiono%tainedas equation(lo)mustnowbe examinedto
insurethatitsatisfiestheboundaryconditions.Theconditionsof
equations(2a)ha= alreadybeenimposed.intheanalysis,ashaveth
conditionsof equations(2b).Theother%oundaryconditions,(2c)a :
(2d),aremorecomplex,however,andrequiresomecareinapylicatic.
First,noticethatiftheconditionsS(L)= So,S(2)= O eremet,and
S’(x) isnegativeintheintervalL ~ x S 2,thencertainlyS x)
cannotbecomenegativeinthatinterval. [Thusifthecondition2d)on

.. . . . . .—.. .._ ____+_ _- ——--—-— —.————— .——. _
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thederivativeof S(X)is satisfied,thencondition(2c)isimplicitly
met. Thereminingboundaryconditioncannowbe statedas

s’(x)= -&(x+$$)
And.y-sisofthisinequality
followingtwoconditionson

jl~x2) (x2-L2)+

at theendpoints
k and W:

~KxZ (u,k)So, L~ x~zfi2

showsthatitimpliesthe

(14a)

(lhb)
where

D++
E-k@KB=— ka

It isinterestingtonotethemessingofthetwoequalitiescon-
tainedin expressions(lka)and(lkb)intermsofthebodygeometry.
Equation(8)can%ewrittenintheform

s“(x)=*[(L2 +$QPy~- (, +9ys]+%Kz(.ylc),15,

whichshowsthat S1‘(x)is infiniteat L unlesstheequalityof
expression(1~)holds,andisMinite at z unlesstheequalityof
(lkb)holds.Since

s?’(x)= 2fi(r’=+ rr~’)

theshgularityat L indicatesthat ryr isinfinitethere,whilea
singularityat z indicatesthat rt is.infiniteat z. On theother
hand,if S~t(x)is zeroat L,then rT~ is zero,showingthatthe
ogivalsectionfairsintothecylinderwithvanishingsecondderivative
aswellasvanishingftistderivative.Similarly,thevanishingof
STT(x)at z givesa zerovalueof r~ atthetip,sothatthebodyis
cusped.Sincethisonlyoccurswhentheequality

holds,itis”seenthat,ingeneral,theoptimumbdieshavevertical
tsmgentsat theti>s.

It is convenienttohavetheformulaspertinentto
oytimumbodiesind~nsionlessterms.Introducingthe
tioL

thesolutionfor
fo~owingnota-

“

.

.

—.. —.—— .—. _— .—— .— — .—--— -——- - —-. —
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and

wJ=fi2

22(!)-where t isthelocalthiclmessratio theequationscanbe
putintothefollowingform

{[
t2(~)=6#2 k2 B(u,k)- k2 D (U,k)]-~~)} +

[ 1~ ~2Kz(a,k)+ E E(cr,k)-k’2JG?(a,k)- K~l(l-g?)(~2-k’2)~16)
X3

where ~ variesfrom k’ to1,as x variesfrom L to Z.

SO*=y(toz ‘Z 2 B-kt2D)+ -$ (~-k’2@=~k( (17)

where to isthemaximumthicknessratioof thebody,

W =&@ +~k2(B-k’2D) (18)

(19)

Equations(17)and(18)canbe solvedfor A and p,.resultingin

AZ =2 [3(E2-k’2#’)V* - fi~(B-ky2D)SO*] (20a)

v= ~ [3fik4So*-8 k2(B-k’2D)V] (20b)
k4A

where
A = 9(E~k’2K2)-8 (B- k’2D)2

By useoftheresultsofequations(20),the in=walitf= (14) C=be

expressedintermsof SO*,P, and kt; theybecome

where

2k% (B-k’2D)-3 (E=- k’2@)

~ ~% -4 ●(B- k%]
3 (E2- k’2#) -2k2B(B - k’%)

& [4 (B- k’2D)-3k?B]

/

(21)

—.. — .— ————--.—— ——————-. — —-——
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Figure2 shows
plottedversus

andthelower,

theregiondefinedby
kt. Theuppercurve

.!Z..*

theinequalities(21)with ~
represents

.

.

.

Theshadedw.gionbetweenthesecurves,which_ be calledtheadmis-
siblereg~-M,cleftiesthel-ts withfiwhichtheparameterskr and
So*/V* r Stlieinorderthatthesolutionfortheoptimumbodysatisfy
therequirementgiveninexpression(2d).Thatis,fora prescribed
valueof k’,say,theprescribedvsluesof SO* and V* mustbe such
thattheratio So*/V*fallsintheshadedregionoffigure2.

FinaJly,by usingequations(20),theformulaforthedragcoeffi-
cient CD*(eq~tion(19)) canbe“put-h termsofthegeometricpara-
metersk’,SO*,v*;

3(s0+)2CD*= ~
[
24(E2-k’2K2o*2+ -16&2(B-k’211)&+ 3fi2k4

1
(22)

o

DISCUSSIONOF SOLU’ITOI?

.
likomtheresultsobtainedintheprevioussection,onecanfindthe

characteristicsofthebodyofrevolution,ofthetypeshowninfigure1,
havingminhumwavedragwhenthequantitiestotallength(22),length
of cylinder(2L),frontalarea(S.)andvolume(V)areftied.A1.the@
thesemitotallengthZ no longerappearsintheformulas(equa-
tions(16), (17), (18), and (22)), havingbeenabsorbedintothedimen-
sionlessquantitiesCD*,k’,SO*,~, itmustbe rememberedthattotal
lengthofthebodiesisfixed.Itwasalsofoundthatwhenallfour
geometric.quantities,z,L, SO,V, wereprescribed,certainlimitations
upontheirmagnitudemustbe observedinordertomeetboundarycondi-
tionssetforthinexpressions(2c)and(2d).TheseMmititicasere
mostsimrplyexpressedintermsoftheparametersk’ andSo /Yti,where
k? istheratioofthelengthofthecylindrical.sectiontoto= length,
and So*/V*istheratioofthevolumeofthecylinderofradiusr.
andlength 2 to thevolumeofthebody. Thepermissib~erangeof
valuesfor k’ andSo*fi*isgiveninexpressions(21),andisshown
graphicallyinfigure2.

Usingequation(22),thevariationof thedragcoefficientCD*
withthemiables k’ and So*/V*canbe found.Thecalculations
weremadefora value0“ SO*of3r/100,correspondingtoa maximum

—— . ______ ._.._. __
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.

thicknessratioof1/10. Intheaccompanyingsketch,a three-dimensional
viewofthevariationisshown.Thetwocurvesinthebaseplaneare
justthoseoffigure2, defining
theadmissibleregionfor k? and G$
so*/v*.Fora givenvalueofthe
lengthratiok’,thedragcoeffi-
cient(!D*variesParabolically ;
tith s *h*; the-- OCC~-

1
1

ringbe?weentheextremeadmis-
siblevaluesof So*/~. With
~creas- kf9%* ~creases
steadilyandtherateof increase
approachesinfinityas k? k’

approachesunity.A quantitative
ideaofthevariationisafforded
by figure3, wherethedragcoef-
ficientCD*isplottedagainst
So*fi*forsever~y~us ofthele@h ratiokt. me c-e sho~
for k?=oagreeswithresultsofreference4. Theincreaseindrag
coefficientwith k? isseentobe slowforsmallvaluesof k’.,tidica-
ting thatthegreateravailablevolumeresultingfromthecylindrical
centersectionmaywsrrantacceptanceoftheslightincreaseindrag.

In ordertoobtaina moredetailedviewofthevariationofdrag
withthegeometricparameters,thevariationalproblemthathasbeen
solvedcanbe reinterpreted.TheexistenceoftheUmits onthequanti-
ties SO*P and k’ (expressions(21))suggeststhattwoofthetrio
k?> SO*, V* mightbe fixed,whilethethirdisleftfreetovary
withintheascertainablelimitsdeterminedby thetwoprescribedvalues.
‘Ibetotal length,
onlyimplicitly.

21,ofthebodiesisalsofixed$althoughitappears
Thereare

1. .2,

2. Zj

3. z,

Thesethree problemscanbe

1. Totallength,

2. Totallength,

3. Totallength,

threesuchcombinationspossible:

kt,SO* fixed;W free

V*,k’ fixed;SO* free

SO*,V* fixed;kt free

statedinphysicaltermsasfollows:.

cylinderlength,andfrontalsreafixed;volumefree

volume,andcylinderlengthfixed;frontalareafree

frontalarea,aidvolumefixed;cylinderlengthfree

Thesethreepro%lemswillbe consideredinorder.

———-— . ..— —--. — —.-
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TheThreeSibcases

Case1: Totallength, cylinderlength, andfrontalareatixed;
volumefree.- In termsofthedimensionlessyarsmeters,thiscaseapplies
tobodieshavingkt andSO* fixed.Theadmissiblersmgeofthevolume
Pammeter V* canbe determinedeitherfromexpressions(21)orfrom
figure2. Foreachvalueof V* intherangesofound,an optimum
bodyexists,sothata familyofoptimumbodiesisnowdetermined.The
variationofdragformembersofthisfamilyisreadilyfoundby useof
equation(22),oranest~te maybe obtainedfromfigure3. NowSOllle
oneofthisfamilyofbodiesmustgiverisetotheleastdrag,andit
isclesrthatthismemberisdeterminedby theconditionA equsls
zero.=me fo~ forthic~essUstributionanddragforthebest
optimumbodyh thisfsmilybecome(fromequations(16)and(19))

to2t=’(g)= —
{ }
~%(cr,k)+[E E(u,k)-k’%F(a,k)]-K~til-~2)(~2-k’2)E%kt2K2

?t(SO*)2
CD*= E2klaKz

Thevolumeparameterfor

area
upon

It isconvenientto
anduponthevolume
thearea22. These

c%=
If thelengthL of
approacheszero,and

,

CDS

(23)

(.24)

theoptimumbodyisgivenby

p = y $*, SO* (25)

havedragcoefficientsbaseduponthefrontal
(tothe2/3power)ofthe body,ratherthan
are,respectively,

~ E2+,Y ~@)4,a

n ~ (B-ky2D)2

thecentersectionisallowedtovanish,kt
thelastformulasbecome

CD I = + to2
s~

=1’heconditionthat 1.be zerocorrespondsto solvingtheoriginal
isoperimetricproblemof’minimumdragtithfixedlengthandfrontal
area,thevolumebeingunspecified.‘I!hisproblem~ leadtothe
bestbodysoughtforthecase1 underconsideration.‘1’hisrestit
couldalsobe obtajnedfromequation(22)by theordinsrymethodof
differentiation.Similarremarksapplyto thecasewhen ~ istaken
tobe zero.

.

—. . . ,— .——-. —. . . .
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>,

,

~ese resultsagreewiththoseofreferences4 and6. Thedragcoeffi-
cientsforthebodywitha centersectioncanbe expressed-intermsof
theabovequantities,sothattheeffectofaddinga centersectionis
readilyseen:

CDS
=2 = $.;,52 (26)

c% E -k’2~
; (@)4/3= H(B-k’2D)2 (27)

Figure4 showsa plotof thequantityCD~/X%02against k’.

Thisfigureshowsthatthedragcoefficie~tbasedonfrontalarearises
slowlywhentheratiooflengthofcylhulricalportiontototallength
issmall(thedragcoefficienthavingrisen10percentwhenthe
cylindermakesup about10percentofthebody),butgoesupvery
rapidlyforbodiesonwhichthecylindricalsectionmakesupmorethan
aboutw percentof thebody.

ThereisanotherIAmitingcaseof someinterestforthebodywith
k~ andSO* prescribed,besidestheoneinwhich ktvanishes.5at is
thecaseinwhichthecylindricalsectionbecomesinfinitelylongwhile
thenoseandsternsectionshaveaprescri%edlength.Thusjboth 2
and L beconminfinitewhile(Z-L)remainsfixed.Thedragresulting
fromsucha configurationisgivenby

whichagreeswitha resultofreference2 foran ogiveofgivencali%er
attheendofa semi-infinitecylinder.

Theshapeofthebestbodyofa familycanbe computedby meansof
equation(23)0Sincethethicknesst isgivenbytheratioofdiame-
terto totallength,theratioofthelocalradiusr tothemaximw
radiusr. is

where E;,=- (28)

I
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.

Plotsofthisthicknessd.istz?i-
butionforseveralvaluesof k?
sreshowninfigure5. The
accompanyingsketchshowsa plot
ofequation(25)inrelationto
theextxemeadmissiblevaluesof
SO*P versusk?. Theupper
curvecorrespondstotheequali~
inexpression(lLb),andrepre-
sentstherelationfora body
withcuspedtips,whilethelow-
estcurvecorrespondstothe
eqyali~in (l&a),andgives
zeroc~ture wheretheend
sectionsjointothecylinder.
Therefme,thebestbodiesof
thepresentfamiliesneverhave
cuspedtiys,norzerocurvature
wheretheogi.valsectionsand
centersectionjoin.

Case2: Totallength,
volume,and.cylinderlength
fixed;frontalsreafree.-In
thiscase,whichcanbe analyzed
in thes= wayastheonejust
preceding,thevolumeandlength- .
=atiop~~ters p and kt .
serveto determinea rangeof

permissiblevaluesofthefrontalareaparameter So*. Thisrangeis
againobtainableeitherfromexpressions(21),orfromfigure2. Fig-
ure(3),showingvariationofdragwith kt andSo*/V*,canoncemore
be consultedfora generalviewofthebehaviorofthedragasthe
paramet~schaage.

Theopt3mumbodyina givenfamilyisnowdeterminedby thevanish-
ingof I.L(seefootnote2),andtheequationsforthicknessdistribution
anddragbecome

k2(B-k@) ~

CD*=

TherelationletweenSO*ad ~

SQ*=

3Xt+v+
&(B-k’2D)

J

(30)

forthebestmemberofa familyis

(30

0

—. . . --— -— —._. —
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Againthedragcoefficientcanbebased
uponfrontalsrea,theformer%eingthemore
volumeisfixed.Thedragcoefficientbased

andthatbasedonthefrontal

●

areais

Y’@to=

Inbothcases,thefunctionof k?
as k? vanishes,andtheresulting

l-l

17

eitherupon(volume)213or
usefulinthiscasesince
on (volume)2@is

(32)

1
(33)

insquarebracketsreducestounity
exmessionsforbodieswithout

centersections
showsa plotof

agreewithresultsof~eferences4 and6. Figure6
thequantity

c% 1
:(v*)4/3“&z

as a function of the length ratio k’. Thebehaviorisqualitatively
thesameasfoundincase1 forthedragcoefficientbasedonfrontal
area,buttheincreaseofdragcoefficientwith k’ issomewhatslower
inthepresentcase. .

In thepresent instmce, where V* andkt aregiven,thethickness
distributionfunctionis,fromequation(29),

(){ }~ = k2[B(cr.k)-k’2D(u,k)j-~/(1-&2)(~2-k’2)*
2 k= (B-k!2D)

. .

..-..!
,, -

(34)

. -—.—z. . -——— — .—.———.. .—.— —.
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Plotsofthisthicknessdistribu-
tionsreshowntifigure7,where
shapesforseveralvaluesof k’
aregiven.Thesketchshowsin
thiscasethatagainthelestbody
ofa familyisonehavingneither
cuspednoseandsternsectionsnor
zerocurvatxueatthejunctionsof
endandcentersections;thebest
bodyat kY = O haszerocurvature
atthejunctueoftheogivalsec-
tions●

Case3: Totallength,frontal
srea,andvolumefixed;cylinder
lengthfree.-Inthiscasethe
dimensionlessparametersSO*and
V* arefixed,whilethelength
ratio kt isfreetovary. It
isthemost~ficult caseto
analyzebecausetheparameterk’
appearsimplicitlyinthefunc-
tionsinvolved.By differentia-
tingequation(22)withrespect
to k~,holdingSO*andV* fixed,
it isfoundthatthederivative
~D *@kt isnevernegative,=d
vanishesfora valueof k’ such

where@lmidVl sxedefinedsfterexpressions(21).In terms”ofthe
admissiblerangeofthelengthratiok’ forftiedvaluesofthefron~-
areaandvolmeparameters S* ~V*y thisequationm~ that‘he
memberof the family forwhic~ k’ hastheleast-ssible -U
(fig.2) istheonewitileastwavedmg inthatfamily.It canbe seen
fromfigure2,however,thatiftheratioof thegivenparametersS */V*
isgreaterthan8/fi= 0.849,theleastadmissiblevalueoftheleng?h
ratioisshays k’ equalto zero.

Inthecaseswheretheratio So*/V*isless‘hm 8/3fi)‘he‘i-
coefficientofthebestbodyofa familyisgivenby

3(SO*)2
4[

2
CD*= ~k

()
2h(E2-k’2K2)~so* -l@k2(B-k’2D)m + 3~~4~ 1

(35)

.
.

.
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wherethe value

19

of kT tobe usedistheonewhichmakes

This?mlueof kt isbestfoundfromfi~e 2. It isnotsousefulin
this case to referthedragcoefficientsto thosefora bodywithout
centersection,forthevalueofthelengthratiok’ isno longerarbi-
traryandhencecannotbemadetovanishatwill..

Forthecasesinwhichtheratiooffrontsl-areapuemeterto
volumeparsmeterisgreaterthan8/3Tc,thebestbodyofa familyisthe
oneforwhichthelengthofthecylindricalsectioniszero,ashasbeen
noted.Thedragc~fficientCD* isthengivenbytheformula

CD*= ~ (24V- - 1631V*SO*+ 3Y’Pso-) (37)

Sincethelengthofthecylindricalcentersectioniszeroandnolonger
entersasa parameter,itisconvenientto reintroducethesemitotal
length2 intotheformulas.Thewavedrag,divided%yfree-stream
-C pressure,is

R= ~ (24@ - la 1:VSO+ 3Yr2Z%02) (38)

andthisagreeswiththeresultofreference4. ThelengthZ mustbe
betweenthelimit~

(39)

Sincefora givencross-sectionalarea,thebodyofleastwavedragtill
be theonewiththelongestadmissiblelength,it is clearthatforthe
‘presentcase,where So andV areprescribed,andno centersection .
exists,thebestbodyistheoneforwhich

4lfl=-

as statedinreference4. Bodies,
thevalueofequation(~), donot
henceviolatecondition(2c).

(40)

thelengthofwhichisgreaterthan
fallwithintheadmissibleregionand

Shapesofthebodiesforthepresentcaseareshowninfigure8.
. Thebodyforwhich So*/V*equals4/fiandk’= O isshownat thetopof .

thefigure.‘Ibisbodyisthebestoneofallthosewithouta midsection,
hawingtherelationbetween2, So,andV giveninequation(~). The.. otherbodyshapesshownareeachthebestbodyfortheprescribedvalue

.—— - —.————---- .- ——. .- .-— . ..— —.-— — — —. —___ .-. ———— ..— ——.
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ofthe~arameterratio So*/@,thevalueof k~ beingchosenfromthe
lowercurveoffigure2. The equations fortheshapesare

where(r/ro)l and (r/ro)2 are definedtieqwtfons(28)ad (34)j
respectively,

for g<g~$
~+

In orderto obtainthe best bodv of the familydescried by ewa-
tion(41a),
orfromthe
tioti(41b),

thevalueof k‘ tobe ~ed canbe fo~d fromequatio~(36),
lowercurveoffigure2. Forthefamilydescribedby equa-
thebestmemberistheoneforwhich

SUMMARYOFRESULTS

Forconvenience,theimportantdragformulasofthe,preceding
analysishavebeengatheredtogetherinthepresentsection.Theequa-
tionssxwnunberedjustas theyappearinthetext.Theformulasare
givenintermsofthedimensionlessyarameters kt,SO*,md ~, which
arerelatedtothetotallength22,thecylinderlength2L,thefrontal.
area So,andthevolumeV by meansoftheequations

SO* . 92
.

.— —.-—-—— r. .-. —.. .— —.. ._—
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Case 1: Tot-al
Frontal

21

Iength,CylinderLength,and
AreaFixed;Volumel%ee

.

The cylinderlengthandfrontalarea determinethe dhensionless
parameters k? andSO*,whilethevolumeisrepresentedby thepara-
meterV*. Theprescribedvaluesof k’ andSO* determinesnadmissible
rangeofvalues”of V* (seefig.2), and the
hasthefolluwingcharacteristics:

Dragcoefficientbasedonfrontal.area,

~timm %Odyofthisf-y

SO* (25)

Dragcoefficientbasedon (voluwe)=/S

c% E2-k’2p—=
~ (V*)4/sk4(B-k’2D)2

(26)

(27)

Case2: TotalLength,Volume,andCylinder
LengthFixed;lRrontal.AreaWee

Thegivenvolumeandcylinderlengthdeterminethedimensionless
P~ ters Vu md kr,andthesevaluesleadto-
valuesfor SO*.(Seefig.2.) The best bodyof
minedhasthefollowingcharacteristics:

Dragcoefficientbasedon (volume)2’Sj

c%
8 -J- (See fig.
; ~w)4/3 = k’

Dragcoefficientbasedonfrontalarea,

u

a rangeofadmissible
thefamilysodeter-

6)

(3)

(Y)

(33)

----—---- ------ .——.—+-..----:— ---——- .- —.— .— -.— —_. . ———-
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‘ Case 3: Total Length,IZrontalArea>andVolume
Fixed;Cyltid.erLengthlRree

Thefrontsl-a andvolumedetermineSO*andV*,andthesein
_hn?ndeterndnea rangeofadmissible-valuesof k’.(Seefig.2.) ~
thequotientSo*/V*islessthan8/3Yt=0.849,thebestbodyisone
witha valueof kt suchthat

where @l and *Z aredefinedinaressions(21).Thisvalueof k?
ismosteasilyfoundfromfigure2. The drag coefficientfortheupti-
membodyisthen

h* = & ~(E2-k’2~) (V*)2-lti2(B-k’2D)V* SO*+ @kA (SO*)2
1

(35)

In casethevalueoftheratio So*/V*issuchthat

thebestbodyisonewithno centersection(kt= O),andthedrag
coefficientis

(-’JD*= :

[
24(V*)2-16JCV* SO*+ 3#(So*)2

1 (37)

or,intermsoftheremainingthreeys.rameters1,So,V,

‘=5$77=%4 (24V2-MITZVSo + 3#zzso2)

AmesAeronauticalLaboratory
NationalAdvisoryCommitteeforAeronautics

MoffettField,Calif.August24,1951

(30

.
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APPENDIX

A MINIMUMDRAGPROBLEMWHICHINCLUDESANAPPROXIMATION

TOTEEEFT!ECTOF SKINFRICTION

It ispossibleto includetheeffectsof skinfrictioninthe
-is of~ti~ ofbodiesofrevolution,Zrovid.edthesurface
areaofthebodiesislmown.Ifitbe assumedthatthissurfacearea
is expressibleintheform

Area= 2L(2firo)+2(1-L)

wherethesecondtermrepresentstheareaof
Y isanunspecifiedconstant,thenthedrag

%

*P OVO=’Z’=
47 ~+ ($ -1)

(Z!yro) (Al)

theogivalendsections,and
dueto skinfrictionis

k’1CM to (A2)

where CD isth~friction-dragcoefficient,to is the maximumthick:
ness rat;~, and k! isagaintheratiooflengthof cylindricalsection
tototallength.

Considernowa bodyofrevolutionwithprescribedlengthratiok?
andfrontal-areapsrameterSO*. Thewave-dragcoefficientbasedon
frontalareaforthebestsuchbodyis,fromequation(26)ofthetext,

.

Thetotal-dragcoefficient

I-@toz
CDS= ~

CDT’bbsedonfrontalarea,isthen

Nowthetotaldragcanbeminimizedwithrespecttomsximumthickness
ratio to;thereresultsfortheoptimum,to’,

to’ +
{
16yc% (E2-k’%)

F+(* -’)k!r’”
It remainstoassignvaluesto theconstants7 and .

%

not
for

(M)

(A4)

Inspectionoffigure5 showsthatthebodiesunderconsiderationdo
differgreatlyin shapefromprolateellipsoidsofrevolution.Thus,
thepresentpurposes,itwillbesufficienttousetheapproximation

7 ~
.=2

—. .—.—.+- .- —— ..———————. -— . .. . .. . .. . .
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correspondingtothestiacemea ofa prolateellipsoid.themtnoraxis
ofwhichis smsIllcomparedto itsmajoraxis.Equation(A4)forthe
optimumthicknessrationowbecomes

{

1/3
to’‘~ @ C~ (E2-k’2@ [1+ ($-1)k’]

}
(45)

If thecylindricalsectionis allowedto vanish, k’ vanishes, and the
last eq~tionbecomes

Theoptimumthickness
forebe expressedas

where

C (kY)

A graphofc(k’)versus

.

tot I .&GTL=o %? (46)

‘ratioforbodieswitha centersectioncanthere-

{ [ (!+-’)+”=(E2-krw) 1+

k? isshowninthesketch.
1

Theremaining
skin-frictiondrag

(47)

constantisthe
coefficient

c%. “Forthepurposeof ill.ustra-
;’tion,anaveragevalueof0.0025,

correspondingtoa turbulent
boundarylayerata Machnumberof
about1.7anda Reynoldsnumberof
13million,wastskenfromthe
dataofreference9. Theoptimum
thicknessratioforabed.yof
revolutionwithno centersection,
andwithprescribedlength,con-
sideringbothwaveandfriction
-, iSthenfo~d ~be (from
equation(A6))

-$tot [ 31
L===

Bymeansofthesketchofthevariationof c(k’~.ther~sul.tscsabe. . .
extendedtobodiesofrevolutionwitha centersection.Considera body
thecentersectionofwhichmakesup 10 percentofitstotallength.
l!!romthesketchandtheabovevalueof to’ I itis seenthatthe

L=o‘

.

——.—.—.__— ..— ._ ._ __ —. ——- .._—— —. . —_
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Optiluumvalue
theeffectof

25

ofthicknessratiorematisabout1/14,againshowingthat
theaddedcylindricalportionuponthedragissmallfor

small.valuesofthelengthratio k?. Theoptimumthicknessratio
decreasesto1/19fora bodythecenterpartofwhichisn percentof
thetotallength.

.
,

. . ..- ——. . ..— -.— -— ——----- .—— -— — ——.. - ..—— .— .—



26 NACATN2535

REFERENCES
.

1. von=, Theodor,andMoore,NortonB.: ResistanceofSlender
BodiesMovingwithSupersonicVelocitiesyWithSPecial-Reference
toProjectiles.AmericanSocie@ofMechanicalEn@neers,
Transactions1932$9. 303.

2. von16mdn,Th: TheProblemofResistanceinCompressibleFluids.
(FtithVoltaCongress)Rma, RealeAcademiaD’Italia,1936.

3. Lighthill,M. J.: SupersonicIllowI%stBodiesofRevolution.
BritishA.R.C.R.&M.NO.2003,1945.

4. Haack,W.: GeschossformenkleinstenWellenwiderstandes.
Lilienthal-GesellschaftftirLuftfahrtforschung,Bericht139,
oct.9-10,1941.pp.14-28.

5. Busemann,A.: HeutigerStandderGeschosstheorie.Lilienthal-
Gesellschaftl%rLuftfahrtforschung,Eericht139,Oct.9-10,
1941.pp.5-13.

6. seUS,W31LismR.:OnProjectilesofMinhumWaveDrag.
Quar.Ap.lhth.Vol.IV,NO.4,Jan.1947.

7. Forsyth,A.R.: Calcu@sofVariations.Cambridge,Univ.Rress,
1927.

8. Munk,MaxM.: The~imum InducedDrsgofAerofoils,NACARep.121,
192L

.

9. F’errari,Carlo:ComparisonofTheoreticalandlEcperimentalResults
fortheTurbulentBoundaryLsyerinSupersonicFlowAlonga Flat
Plate.Jour.kt.vol. 18,RO.8,Awe 1951,PP.555-5640

.

.

.
--- — —. .— .— .—.——..- -



Figure L – Type of body considered and notation used.
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